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The Equations Of Motion Of

Two Degree Of Freedom Systems

Systems that requirpd two independent coordinates to describe their motion are calledtwo defree

of freedom

We begin by deriving the differential equations of motion for the

system.

Examples

two -de gree -o f- fre edom

(h,
&ruw

\ . /

Figure (4)

shown in Figure (1), then

Solution

Let 4(t) > xz!)

: ' ! . . :

.ilJ

:l:l

Figure (1)
& y Figure (2)

& v
6 " {  b t

v ,ffiffih

Figure (3)
Y

ine$re mass matrix and stiffness matrix of the system

uencies and mode shapes.

Example De

46



From the free body diagram for m,
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/F  
=  m1 \  -  - kx1 -  k (x1

m1*1*  2kx1 -  kx ,  =  g

From the free body diagram for m,
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F = m2i2 ::e -kx2 * k(x1

m 2 i 2 l 2 k x 2 - k x r = g

Equations (1) and (2) are equations of motion

MX

in which
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- x) = Thit
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In solving vibration problems, matrix methods are indisVffi
Similarly, Equations (l) and (2) have the matrix formffi :W, *) and (2) have the matrix formffi :W, ffiz = 2m

IT ,i^l{;)*l'-uu mMUl
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letand

Then from the puations (1) and (2)
a #* 

(2k - azm)A, - kAz - 0
d  % , 7  ^ 1

To find the natural freq

"""'{Xl} . {3}

x2( t )  =

*r(t) =

A z e t ' t

-A2a2 g ta t

. . . . . . . . , ( 3 )

. . . . . . . . . ( 4 )- k A t + ( 2 k - 2 u z m ) A z = 0

By pu Quations (3) and (4) as a matrix form

substitution these Equations into Equation (L)

l(zk 
--'{i'zm' 

,ru - !,,*r]tl:] = t8t

i r ( t )  =  -Arazet ' t  ,
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then

no

l(,k 
--:i'zm' 

,ru - !,,*rl = o
which represents a quadratic equation in @2 = 2 called the characteristic equation, or frequency

equation.

^ , - ( , * )^ .1(* ) '=o 
&

The two robts 2. and 72 of this equation are the eigenvalues of the system e d\f

^,--(1-i*)L=sffiaL re*
^,=(;-, i*) L=2366#C4 W"

and the naturalfrequencies ofthe system are 
Y

substituting u2 = a? = O.AaL*

1.= 
T_ , , , , 3 , -=  0 .73L

2s66L

tA.,tQ) k Ir  ^ r  
2 . 7 3\d 

= 
21, - rr*= r:TR= 

-'

#9"*
Similarly, substituting S 

ry

s a L

gffi.pffiudes is chosen equal to I or any number, we say that the amplitude ration is
& ruM/
@ ttrffi number. The normalized amplitude ratio is then called the normal mode and is

desi$ Qi@) .

The t b normal modes of our example are

QJx) = ttilr'J] , QzQ)={7#}

. t .  I  k
0 ) t :  7 i ' '  -  1 0 ' 6 3 4 -  '^ { m

From either of equations (3) or ( )

48



!.ji":;

Vibration - Fourth Class / University of Tikrit (22-23')

Example

Find the mass matrix and stiffness matrix of the system shown

mass moment of inertia of two disks.

Solution

Let 02 ) 01

iagr$m for ,t,

2'Mo = 1r6t where 01 is angular acceleration of/1

Mechanical Engineering

hd /2 are the

ry

k2(02 - e)

- k $ t + k z ( e z - 0 t ) = J t 6 t

J r 6 r *  ( k r  +  k ) ? t - k 2 0 r =  g  " ' ( 1 )
From free body diagram for ,1,

I Mo = Jz6z where 92 is angular acceleration of/2

- k z ( 0 2 - 0 r ) = J z E z

J z E z * k z 7 z -  k t 1 t = 0  " " " " ' " ' ( 2 )

or o, 6,

))
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Equations (1) and (2) a;e equations of motion, Equations (1) and (2) have the matrix form

I; i,1{3)*[o'io!' 
-;']t;)= {3}

In solving vibration problems, matrix

M 0 + K 0 = 0

where 0 = [0r ?tfr is two dimensional displacement vector l&'*=V; 
l,), *=lu,:u:, -:,,1 

ry{q'
H.W

Find the mass matrix and stiffness matrix of the system shown," 
ffi 

*P'

rest of a slab supported on two springs as shown

Since.the slab has general motion (translating + rotation)

t,i:,11i, '

, t(i

Example

Another two-de gree-o f-freedom

in Figure (simplified model

k{x, - a0)
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