Vibration — Fourth Class / University of Tikrit (22-23) Mechanical Engineering

The Equations Of Motion Of
Two Degree Of Freedom Systems

Systems that required two independent coordinates to describe their motion are called two defree

of freedom

We begin by deriving the differential equations of motion for the two-degree-of-freedom

system.
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Example D ine the mass matrix and stiffness matrix of the system show;i in Figure (1), then
find 3 uencies and mode shapes.
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Solution

Let 25 (£) > %:(€)
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From the free body diagram for m,

Z = mlxl = _kxl g k(x1 - xZ) = mlxl

myXy +2kx; —kxy, =0 oo (D

From the free body diagram for m,

Z F = mz.'x.'z = _'ka == k(x1 = xZ)

mzjéz + kaZ = kxl =0
Equations (1) and (2) are equations of motion
In solving vibration problems, matrix methods are indispey
Similarly, Equations (1) and (2) have the matrix form
m 0 5&1} 2k
[0 2l tef* 5

Mx

in which

2k —k

M=[m O] ~k 2k

0° 2m
To find the natural freq

= ma K = [ ] = stiffness matrix

and e shapes, let

() = Aje't, 1 (1) = A gt
() = -4, w6t -, i) = —A;@e ™t
Then from the gquations (1) and (2)
(2k — w?m)A; — kA, =0 e 3)
—kdy +(2k = 20°m)d, =0 . ¢ s 4

substitution these Equations into Equation (1)

[(Zk __Z)Zm) (2k ——kazm)] {2} = {8}

since {ﬁ;} * {8}
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2k — w?m) -k I D
—k 2k - 20?m)l ~

which represents a quadratic equation in w? = A called the characteristic equation, or frequency

then

equation.
e iy
2 —(3——)“—(—) =0
m 2\m

The two roots 1; and 2, of this equation are the eigenvalues of the system

e k k
A = (5—5\/5)% = 0.634E

k

3 1
,12_(-2-+§\/§) = 2366

and the natural frequencies of the system are

f k
w; =A% = [0634— ,
m

From either of equations (3) or (4)

k
m

e i
AP k 1
Ciget SR
4, 2k — wim 2 — 2.366

The two normal modes of our example are

0.731} '

= =

$:09 = {700
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Example
Find the mass matrix and stiffness matrix of the system shown in Fi and J, are the

mass moment of inertia of two disks.

Solution

Let 02 > 91

92 9'2 éz

k2(92 e 91)

From

S'My = J;6; where 6, is angular acceleration of J;

—k10; + ko(6, — 64) = J,6,

]1él+(k1+k2)91—k292 =) (1)
From free body diagram for J,

' M, = J,0, where 8, is angular acceleration of J,
—k2(62 o 91) = jzéz
]2é2+k292—k101 =0 e (2)
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Equations (1) and (2) are equations of motion, Equations (1) and (2) have the matrix form

i e o e

In solving vibration problems, matrix

MO+ K6 =0
where ~ 0=1[0; 6,]" is two dimensional displacement vector
1 0] [k1 + ks —kz]
M = [ ; K =
0 J —kq k;

H.W

Find the mass matrix and stiffness matrix of the system shown in Fi

Example

Solutio

Since the slab has general motion (translating + rotation) 0 6
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